Dedicated to Prof. G. Borrmann on the occasion of his 65th birthday Bragg case wavefield beams are generated with MoKa radiation in a uniformly bent silicon crystal. The propagation of the wavefield beams is investigated by measuring their exit locations and intensities. Very good agreement is found with locations and intensities calculated from the Bragg case beam propagation theory formulated by one of the authors la some time ago. Both low and high absorption wavefields were investigated.
Introduction
Over the last three decades dynamical X-ray diffraction by perfect crystals has been investigated by many authors both theoretically and experimen tally. At least for the case of only two strong waves in the crystal, the mechanism of dynamical X-ray diffraction is fairly well understood by now. Experi mental results in general agree closely with the theory as originally developed by Ew ald \ von Laue 2, and others.
In the imperfect crystal X-ray diffraction can be very complicated and so are most of the theories treating the general case of the deformed crystal. However in the slightly deformed crystal very inter esting and at the same time with comparatively simple theories interpretable effects are observed.
In a slightly deformed lattice the two plane wave components still stay together as in the perfect: crystal and set up a dynamical wavefield. However, the direction of its energy flow, which can be detected as the direction of the so called wavefield beam, remains no longer constant 3a as in the perfect lattice. In the slightly deformed crystal a wavefield beam may sharply bend with radii of curvature as small as 10 microns3. Connected with the bending of the beam is a shift of energy from one plane wave component to the other. At the same time the degree of absorption usually changes, i. e. initially weakly absorbed wavefields may become normally absorbed and vice versa. Due to the effect of bending of wavefield beams the reflection power of crystals can be (hanged drastically4-6. Also, the deviation of wavefield beams with the help of deformed crystals Reprint requests to Prof. Dr. U. Bonse, Lehrstuhl für Exp. Physik I der Universität Dortmund, D-4600 DortmundHombruch, Postfach 500. may possibly be used in a new kind of X-ray diffrac tion optics for the purpose of constructing focussing or imaging devices for X-rays. It is found worth while therefore to study the diffraction of X-rays by slightly deformed crystals in greater detail.
As was already pointed out the general treatment of X-ray diffraction by an imperfect lattice is very complicated. Fortunately, in the case of sufficientlv small deformation, simple beam propagation theo ries la' ' -9 so far appear to account fairly well for the observations. It is the purpose of this paper to report experimental results on wavefields excited in the Bragg case and propagating in uniformly bent silicon crystals. Beam paths and intensities are cal culated from the theory formulated by one of the authors some time ago la. The agreement with the observations is very good. Most of the beam tracing experiments so far have been performed in the Laue case where the simpler theory of Penning and P o ld e r 7 can be applied.
Experiments
The experimental set up is illustrated in Figure 1 . The primary molybdenum K a X-ray beam is collimated by asymmetric 444 reflection from a silicon crystal reducing the horizontal divergence to about 0.17 sec of arc. With the help of slit 1 and slit 2 a ribbon like beam of about 80 microns width is shaped which is incident on the silicon sample crystal and diffracted by it in symmetrical 444 reflection. At the entrance surface of the sample the surface reflected beam R0 and a Bragg type wavefield beam entering the crystal are excited. Under the influence of the sample's deformation the wavefield beam is deviated and may eventually curve back to the surface where part of the beam exits as beam Rt . The rest of it is directed back into the the crystal by Bragg case partial internal reflection.
Information about the beam propagation within the deformed crystal is obtained by measuring the intensity profiles of beams R0, Rt , and T and the separation d between beams R0 and Rt as functions of the sample's orientation with respect to the collimating crystal and as functions of the deformation state of the sample. The separation d and the inten sity of Rx is then compared with theoretical values calculated from the Bragg case beam propagation theory the principles of which are briefly outlined in section 3. Results for wavefields of either type, i. e. with anomalous low and with anomalous high ab sorption, are given below. T Considerable care is taken to insure uniformity of the deformation by employing a special four point bending jig shown in Figs. 2 and 3. By using a tension spring T combined with a compression spring C it is possible to achieve positive and negative curvature of the 444 Bragg planes. The sections of the sample which are in contact with the four bending posts are decoupled from the rest of the sample by cuts as shown in Fig. 4 in order to keep away nonuniform strain generated at the con tact points from the crystal section through which the X-rays propagate. Also the cuts allow the sample to bend freely about an axis normal to the main bending axis thus complying to the forces of cross tension (compression) arising on either side of the neutral plane of the sample. This kind of bending is referred to as secondary bending in the following. Since the axis of the secondary bending lies in the plane of the wave vectors K0 and Kh of the plane wave components it has no first order effect on the wavefield propagation. The radius of curvature is measured with the help of a second ribbon beam which can be made incident on the sample through slit 3 when slit 1 is removed (Fig. 1) . On rocking the sample two rocking curves with an angular separation (p are measured. The radius of curvature R is then calculated from R = A x/cp sin 0 where A x is the separation of the two ribbon beams and 0 the Bragg angle.
In the beam tracking experiment the width of the incident ribbon beam is set to about 80 microns resulting in an additional beam divergence due to slit diffraction of 0.18 sec of arc, thus matching just the intrinsic divergence of the asymmetric reflection of 0.17 sec of arc. The slit width is limiting the precision to which the beam separation d can be measured. On the other hand the beam divergence is limiting the definition of the amplitude ratio | D\JD() of the wavefield beam and therefore the definition of its initial direction. A slit width of 80 microns with 0.18 sec of arc divergence was found to be a reasonable compromise between exact knowledge of the source location of the wavefield beam and no definition of its initial direction on one hand and poor definition of the source location of the wavefield beam and exact definition of its initial propagation direction on the other.
The employment of molybdenum radiation with silicon crystals allows the tracking of deviated beams over paths up to one or two mm long thereby in creasing the accuracy considerably compared to an earlier experiment of similar aspect where due to the use of copper radiation with germanium crystals the length of observable beam paths was absorption limited to about 250 microns.
The sample was cut from dislocation free silicon to a size 30 mm wide, 7 mm high, and 0.75 mm thick. Both sides were lapped with diamond lapping paste to optical smoothness. After lapping the sample was etched for 15 min in a solution consisting of 1 volume part HF 40% and 19 volume parts HN03 60%. The etch reduced the thickness to finally 0.64 mm. The crystallographic orientation of the sample is indicated in Figure 4 .
Theory
In the following a brief summary of the Bragg case beam propagation theory is given. For further details see the earlier publication la. The state of the wavefield is characterized by the so called wavefield vector W = Kq + K/t and the amplitude ratio £ = D/JDq, where K0, K/t are the wave vectors and D/t , Do the amplitudes of the plane waves 0 and H of the wavefield. Then, with k = Ä-vacuum wavelength, C polarization factor, , yjt, yjL the Fourier coefficients of order 0, h, -h of the com plex dielectric susceptibility y, the fundamental equations become Note that j is fully determined by the parameter f of the wavefield.
The coefficient of absorption oj for propagation in the direction j can be expressed in terms of £ as where a0 = -2 ti k yjo is the normal absorption coefficient and yj0, /, are the Fourier coefficients of order 0 and h of the imaginary part y\ of the dielectric susceptibility % = yr + i yx.
The path of a wavefield beam of a given initial state I is calculated by advancing in steps of length dI along the local propagation direction j. We con sider the wavefield beam of state £0 at r 0 . It propa gates to r = r 0+ j 0 dl. Small lattice distortions can be described as locally varying reciprocal lattice vectors h ( r ), and proceeding from r 0 by dr the lattice has changed by dh = \ / h ■ dr. Similarly the local variations dlV of W which are necessary to keep the propagating wavefield fitted to the varying lattice are assumed to be small and expressible with a continuous function W (r) as dw = X/w ■ dr.
The obvious postulate that the wavefield is to obey the fundamental equations also in the new location r 0 + j 0 dl is by no means sufficient to define uniquely the changes dh and of the wavefield suffered when propagating by j 0 dl. We therefore make additional assumptions about the interaction of the wavefield with the slightly distorted lattice, namely (a) the fundamental equations must be fulfilled not only at I*0 and at r 0 + j 0 dl but at any position r 0 -f Sr with an arbitrary infinitesimal dr, (b) W (r) must maintain its ray properties, i.e. V X W = 0 at any position r 0 + d r.
(c) the variations of W (r) must be smallest, i. e I = XJw . . S/W* shall be minimal. (/ is the so called double scalar product of the tensor \/w . Given for instance an orthogonal coordinate system f, Tl, 6, I is the sum of the squares of the partial derivatives of Wr and W[ with respect to the co ordinates.)
The correctness of the assumptions (a) to (c) or even their plausibility has been questioned and argued in the past. The very good agreement of the ray tracking experiments reported in this paper with the above theory is strongly supporting these as sumptions. Furthermore, it is interesting to note that the treatment given by Penning and P o ld e r 7 is comprised in this theory as the limiting case where W and £ take only real values. Another interesting result is that mere fanning of the Bragg planes should influence the wavefield beam provided the imaginary part of £ is big enough.
Employing some vector analysis we obtain the searched-for variations dll> and d f : dw = j • V tl> dl ,dh = j • V h dl V w =! Po l~2( -I Po |_2Po" V h • q 0 p 0* p 0* + V f t -g 0Po*+Po* Vfc-qfo) d£ = -A -'C -1**-1 ' ( l -£ 02)^£ 02(w 0-dw + h 0-dh).
With small deformations the tensor X/h can be expressed in terms of the curvature F F, the fanning F N, and the gradient of the distance of the Bragg planes N N directly:
where s f, f U, Tlf, and H M are dyadic products. F F, FN , and N N are to be calculated from the second derivatives V V (M 'tt) of U 'tl, the com ponent normal to the Bragg planes of the displace ment vector U: We note, that the deformations FF, FN , NN are constant throughout the sample volume traversed by X-rays in the experiment. Consequently the calcula tion of ray paths and intensities is considerably simplified. Also, F N = 0 and \ N N \< \F F \ which implies that the ray deflection is mainly caused by the curvature of the Bragg planes and to a lesser extent by the gradient of the distance of the planes. The predominance of the influence of F F over that of N N is enhanced by the fact that in the calculation of d | F F is weighed by cos2 Q and N N by sin2 Q and that sin2 0/cos2 0^1 for the silicon 444 re flection of MoKa radiation.
In the experiment the radius of curvature was varied approximately between R = 30 m and R = 110m.
Results
Experimentell evidence for the occurrence of a beam Rx (Fig. 1) as the outside continuation of the internally bent back Bragg case wavefield beam is given in Figs. 5, 7, and 8. In Fig. 5 the sum / 0 + / 1 of the intensities / 0 of beam R0 and of beam is plotted together with the intensity / t of the transmitted beam T while the sample (bent to R = 54.7 m) is rocked with respect to the fore crystal over a range of about 7 sec of arc. As is well known from the perfect crystal dynamical theory when rocking the second crystal in a nondispersive double crystal arrangement with symmetrical reflection the parameter.
2/ = I c j-1 j Xrh r 1 (i ZrO ; -sin 2 6M 0 ) is varied denoting the point in the reflection range, where A Q = Q -@B is the deviation from the geo metrical Bragg angle. To get the same value for each polarization state for a given AQ we define yc= : y C -y = 0 corresponds to the center and y = ± 1 to the limits of the range of maximum re flection (which in the special case of total absence of absorption is strictly total). With the scanning of y the entering direction of the wavefield beam sweeps from the direction of the incident wave to an orientation nearly parallel to the surface and back to its original direction. Note that / t remains at a low level of about 10% not only for y ^ 1 where the conventional Bragg peak in / 0 with a width not exceeding about 1 sec of arc occurs. / t is small over a much wider range extending on the low Bragg angle wing of the Bragg peak as far as 4 sec of arc. It is in this range where the Bragg case wavefield is travelling back to the entrance surface.
In Fig. 5 the position of the Bragg peak / 0 is at about 0 sec of arc. Here I, « 0. To the right / 0 falls rapidly to zero while I x first increases and finally decreases to zero too. At the same angle / t attains its original value. Here the path of the entering wavefield is so little curved that it reaches the rear surface of the sample before the beam is pointing back towards the entrance surface. In order to illustrate this behaviour a set of beam paths with different entering directions was calculat ed for a fixed radius R of curvature of the sample ( Figure 6 ). Note that with a given sign of R wavefields belonging to only one side of the Bragg peak can be curved back to the surface. If /? > 0 (/? < 0 ) wavefields of anomalous low (high) absorption are Fig. 8 only wavefields of low absorption curve back to the entrance surface. This is in accordance with the fact that R was positive when Fig. 8 was taken . Also, the increase of d with increasing yc is evident from Figure 8 .
The quantitative dependence of d on yc is illustrat ed in Figure 9 . The points have been obtained by densitometric evaluation of photos similar to that shown in Figure 8 . The curve has been calculated from the theory above. Except for values of yc close to 1 the agreement is very good. All curves were calculated with a value of 0.819 f°r Xih/XiO which was taken from calculations by H ild e b ra n d t n . An even better fit is achieved if 0.59 is used in the path calculations, as may be seen from the broken curves in Figure 10 . This may be evidence that the correct value for Xih/X\0 is smal ler than that given by H ild eb ran d t. To investigate this point further an independent measurement of Xi/JXiO f°r the silicon 444 reflection of MoKa-radiation is necessary.
■ d
An equally good agreement as that shown in founded and thus quite convincing. As a next step it would be very interesting to check the somewhat surprising prediction of the theory that the fanning F N of Bragg planes influences a wavefield provided its imaginary part of £ is large enough.
